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PLURISUPERHARMONICITY OF RECIPROCAL ENERGY
FUNCTION ON TEICHMÜLLER SPACE AND
WEIL-PETERSSON METRICS
INKANG KIM, XUEYUAN WAN, AND GENKAI ZHANG
Abstract. We consider harmonic maps u(z) : Xz → N in a fixed homotopy
class from Riemann surfaces Xz of genus g ≥ 2 varying in the Teichmüller
space T to a Riemannian manifold N with non-positive Hermitian sectional
curvature. The energy function E(z) = E(u(z)) can be viewed as a function
on T and we study its first and the second variations. We prove that the re-
ciprocal energy function E(z)−1 is plurisuperharmonic on Teichmüller space.
We also obtain the (strict) plurisubharmonicity of logE(z) and E(z). As an
application, we get the following relationship between the second variation
of logarithmic energy function and the Weil-Petersson metric if the harmonic
map u(z) is holomorphic or anti-holomorphic and totally geodesic, i.e.,
√−1∂∂¯ logE(z) = ωWP
2pi(g − 1) .(0.1)
We consider also the energy function E(z) associated to the harmonic maps
from a fixed compact Kähler manifold M to Riemann surfaces {Xz}z∈T in
a fixed homotopy class. If u(z) is holomorphic or anti-holomorphic, then
(0.1) is also proved.
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2 INKANG KIM, XUEYUAN WAN AND GENKAI ZHANG
Introduction
Recently, the Weil-Petersson metric and other Kähler metrics on Teichmüller
space of a surface have been studied extensively. The Weil-Petersson metric has
several interesting properties, it is Kähler [1], incomplete [4, 26], geodesically
convex [25] and negatively curved [23, 27], and the energy function of harmonic
maps between Riemann surfaces is a Kähler potential of it [8, 24]. In this
paper we consider the log-plurisubharmonicity and the pluri-superharmonicity
of reciprocal energy function of harmonic maps between Riemann surfaces and
a general Riemannian manifold, and we compare the second variation with the
Weil-Petersson metric.
Let Σ be a Riemann surface of genus g ≥ 2 equipped with hyperbolic metric,
and M and N Riemannian manifolds. There are two kinds of harmonic maps
whose variations are of interests, the maps u : M → Σ and maps u : Σ → N .
The primary examples of the first kind are closed geodesics in Σ viewed harmonic
maps from the circle to Σ. Now as the hyperbolic metric varies in the Teichmüller
space T we get Riemann surfaces Xz and the geodesic length can be viewed as a
function of z ∈ T , the variation formulas of the geodesic length function, i.e., the
energy function, have been obtained in Axelsson and Schumacher’s formulas [2,
3]. In a recent paper [11] we find general variational formulas for harmonic maps
u : M → Xz and we prove the logarithmic plurisubharmonicity of the energy
function, thus generalizing the results in [2, 3]. The another kind of harmonic
maps u : Σ→ N appear also naturally in the study of rigidity [21] and in Hitchin
components [12]. If N is also a negatively curved Riemann surface Tromba [22]
showed that this energy function is strictly plurisubharmonic. When N has
non-positive Hermitian sectional curvature, Toledo [21] proved that the energy
function is also plurisubharmonic. A natural question is whether the logarithm
of energy function is also plurisubharmonic. In this paper, we give an affirmative
answer to this question.
Let (N, g) be a Riemannian manifold with non-positive Hermitian sectional
curvature (see Definition 2.4). In particular N has non-positive sectional cur-
vature. Let T be Teichmüller space of a surface of genus g ≥ 2, and pi : X → T
Teichmüller curve over Teichmüller space T , namely it is the holomorphic family
of Riemann surfaces over T , the fiber Xz := pi−1(z) being exactly the Riemann
surface given by the complex structure z ∈ T , see e.g. [1, Section 5]. Let
u0 : (Xz,Φz) → (N, g) be a continuous map, where Φz is the hyperbolic metric
on the Riemann surface Xz. We assume that for each z ∈ T , there is a unique
harmonic map u(z) : (Xz,Φz)→ (N, g) homotopic to u0. Then we get a smooth
map u(z, v) : X → N and the energy
E(z) = E(u(z)) =
1
2
∫
Xz
|du(z)|2dµΦz(0.2)
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is a smooth function on Teichmüller space, see [6, 16, 22] for proofs of smooth
dependence in several contexts.
Our first main theorem is
Theorem 0.1. Let (N, g) be a Riemannian manifold with non-positive Hermit-
ian sectional curvature and fix a smooth map u0 : Σ → N . If there is a unique
harmonic map u(z) : Xz → N in the homotopy class [u0] for each z ∈ T , then
the reciprocal energy function E(z)−1 is plurisuperharmonic.
Note that the uniqueness assumption is typically satisfied. For instance,
if (N, g) has strictly negative sectional curvature, then the harmonic map is
unique unless its image is either a point or a closed geodesic [9]. If N is a locally
symmetric space of non-compact type, then u is also unique unless u∗(pi1(Σ)) is
centralized by a semi-simple element in the group of isometries of the universal
cover of N [18].
We also obtain the strictly plurisubhramonicity of logE(z). More precisely,
Theorem 0.2. Under the conditions of Theorem 0.1, the logarithm of energy
function logE(z) of u(z) : Xz → N is plurisubharmonic. Moreover, if (N, g)
has strictly negative Hermitian sectional curvature and d(u(z0)) is never zero
on Xz0 for some z0 ∈ T , then logE(z) is strictly plurisubharmonic at z0.
As a corollary, we obtain the following result of Toledo.
Corollary 0.3 ([21, Theorem 1, 3]). Under the conditions of Theorem 0.1,
the energy function E(z) is plurisubharmonic. Moreover, if (N, g) has strictly
negative Hermitian sectional curvature and d(u(z0)) is never zero on Xz0 for
some z0 ∈ T , then E(z) is strictly plurisubharmonic at z0.
The (strict) plurisubharmonicity of energy function is proved in [21] by using
a formula of Micallef-Moore [13]. More precisely, let D be a small disk in C
centered at 0, and let J = J(s, t) be a family of complex structures on Σ
compatible with the orientation and depending holomorphically on the complex
parameter z = s +
√−1t ∈ D. Then E(z) = E(s, t) = E(J(s, t)), and the
complex variation can be obtain from the real variation, i.e.,
∆E(0) =
∂2E
∂s2
|z=0 + ∂
2E
∂t2
|z=0,
where ∆ = 4∂z∂z¯. The family J = J(s, t) satisfies certain Cauchy-Riemann
equation [21] and the variation can be computed in terms of J . Our method
is completely different from Toledo’s. We shall treat the energy function as
the push-forward of a differential form on Teichmüller curve X , by using the
canonical decomposition of the holomorphic cotangent bundle T ∗X , and we
obtain a precise and somewhat more concrete formula on the second variation
of energy function.
We proceed to explain further details of our results and methods. Let u(z) :=
(Xz,Φz) → (N, g) be a family of harmonic maps considered as a smooth map
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u : X → N . Let (z; v) = (z1, · · · , zm; v) be local holomorphic coordinates of X
with pi(z, v) = z, where (z) denotes the local coordinates of T and (v) denotes
the local coordinates of Riemann surface Xz, m = 3g − 3 = dimC T . Note that
du ∈ A1(X , u∗TN) can be decomposed as
du = ∂u+ ∂¯u ∈ A1(X , u∗TN),
where ∂u denotes the (1, 0)-component of du and ∂¯u = ∂u denotes the (0, 1)-
component of du. Let 〈∂u∧∂¯u〉 denote the (1,1)-form on X obtained by combin-
ing the wedge product in X with the Riemannian metric 〈·, ·〉 on u∗TN . Then
the energy function E(z) can be expressed as
E(z) =
√−1
∫
X/T
〈∂u ∧ ∂¯u〉;
see (2.2) below. Here
∫
X/T denotes the integral along fibers. Then the first and
the second variations of energy function are given by
∂E(z) =
√−1
∫
X/T
∂〈∂u ∧ ∂¯u〉, ∂∂¯E(z) = √−1
∫
X/T
∂∂¯〈∂u ∧ ∂¯u〉.
The holomorphic cotangent bundle T ∗X has the following decomposition:
T ∗X = H∗ ⊕ V∗,
where H∗ and V∗ are defined in (1.5). By using the above decomposition, the
first and second variational formulas are obtained as follows; see Subsection 1.2
for the definition of the connection ∇ and the notations.
Theorem 0.4. The first variation of energy is
∂E(z)
∂zα
=
∫
X/T
√−1〈∂V u ∧ ∇ δ
δzα
∂¯V u〉
= −〈Aα, du〉,
where Aα = A
v
αv¯u
j
vdv¯ ⊗ ∂∂xj ∈ A1(Xz, u∗TN), Avαv¯ = ∂v¯(−φαv¯φvv¯).
Theorem 0.5. The second variation of energy is
∂2E(z)
∂zα∂z¯β
= −2
∫
X/T
R
(
∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)√−1δv ∧ δv¯
+ 2
∫
X/T
〈∇ δ
δz¯β
∂V u ∧∇ δ
δzα
∂¯V u〉.
By using Cauchy-Schwarz inequality, for any ξ = ξα ∂∂zα ∈ TzT , one has∣∣∣∣ξα∂E(z)∂zα
∣∣∣∣
2
≤ E(z) ·
∫
X/T
〈∇ξ¯β δ
δz¯β
∂V u ∧ ∇ξα δ
δzα
∂¯V u〉,
see Lemma 2.7. If (N, g) has non-positive Hermitian sectional curvature, then
∂2E(z)−1
∂zα∂z¯β
ξαξ¯β = − 1
E2
(
∂2E(z)
∂zα∂z¯β
− 2
E
∂E(z)
∂zα
∂E(z)
∂z¯β
)
ξαξ¯β ≤ 0,
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which completes the proof of Theorem 0.1. By using the following two identities
√−1∂∂¯ logE = −E√−1∂∂¯E−1 + E−2√−1∂E ∧ ∂¯E
and
√−1∂∂¯E = E√−1∂∂¯ logE + E−1√−1∂E ∧ ∂¯E,
we obtain the plurisubharmonicity of logE(z) and E(z).
As applications we find that the second variation of logarithmic energy func-
tion is related to the Weil-Petersson metric. More precisely
Theorem 0.6. Let (N,h) be a Hermitian manifold and fix a smooth map u0 :
Σg → N . If there is a unique harmonic map u(z) : (Xz,Φz) → (N, g = Re h)
in the homotopy class [u0] for each z ∈ T , moreover u(z0) is holomorphic (resp.
anti-holomorphic) and totally geodesic on Xz0 , then
√−1∂∂¯ logE(z)|z=z0 =
ωWP
2pi(g − 1) .
Corollary 0.7 ([8, Theorem 2.6]). If u(z0) = Id : (Xz0 ,Φz0) → (Xz0 ,Φz0) is
identity, then
√−1∂∂¯E(z)|z=z0 = 2ωWP .
We consider also the harmonic maps u : M → Xz from a Riemannian manifold
M to Riemann surfaces (Xz,Φz) as in [11], but with further assumption that
M is a Kähler. The energy function E(z) is again defined on Teichmüller space
[11, 29]. We show that the variation is again related to the Weil-Petersson
metric.
Theorem 0.8. Let (M,ωg) be a compact Kähler manifold and fix a smooth
map u0 :M → Σg, let E(z) denote the energy function of harmonic maps from
(M,g) to (Xz,Φz) in the class [u0], where g is the Riemannian metric associated
to ωg. If u(z0) is holomorphic or anti-holomorphic for some z0 ∈ T , then
√−1∂∂¯ logE(z)|z=z0 =
ωWP
2pi(g − 1) .
As a corollary, we obtain
Corollary 0.9. If M is a Riemann surface, and u(z0) is holomorphic or anti-
holomorphic, then
√−1∂∂¯E(z)|z=z0 = |deg u(z0)| · 2ωWP .
Here degu(z0) is the degree of u(z0).
In particular, if u(z0) is the identity map, then
√−1∂∂¯E(z)|z=z0 = 2ωWP ,
which was proved by M. Wolf [24, Theorem 5.7].
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Remark 0.10. In many situations, the harmonic maps are ± holomorphic (i.e.
holomorphic or anti-holomorphic) automatically. For example,
(i) (Eells and Wood [5]) Let X and Y be compact Riemann surfaces and f
a harmonic map from X to Y with respect to some Kähler metrics. If
f satisfies the following condition then f is ± holomorphic :
e(X) + |deg f · e(Y )| > 0
where e(X) and e(Y ) are the Euler numbers of X and Y respectively
and deg(f) is the degree of the map f : X → Y .
(ii) (Ono [14]) If (Mn, ω) is a compact Kähler manifold with negative first
Chern class and satisfies
n|f∗c1(N) · c1(M)n−1[M ]| > |c1(M)n[M ]|,
and f is a harmonic from M to a compact hyperbolic Riemann N , then
f is ± holomorphic.
(iii) (Siu [19]) LetM andN be compact Kähler manifolds and assume that N
has strongly negative curvature in the sense of Siu. Let f be a harmonic
map fromM to N with respect to the Kähler metrics. If there is a point
in M where the rank of df is greater than or equal to four, then f is ±
holomorphic.
(iv) (Siu and Yau [20]) Let (M,h) be a compact Kähler manifold of dimension
n ≥ 2 with positive holomorphic bisectional curvature. Then any energy
minimizing map f : P1 →M must be ± holomorphic.
This article is organized as follows. In Section 1, we fix notations and recall
some basic facts on Teichmüller curve and harmonic maps. In Section 2, we
compute the first and the second variations of the energy function (0.2) and
prove Theorem 0.4, 0.5. In Subsection 2.3 we show the plurisuperharmonicity
of reciprocal energy and prove Theorem 0.1, 0.2 and Corollary 0.3. In the last
two sections, we study the relationship between the energy function and the
Weil-Petersson metric, and prove Theorem 0.6, 0.8 and Corollary 0.7, 0.9.
1. Preliminaries
In this section, we shall fix the notations and recall some basic facts on
Teichmüller curve and harmonic maps. The results in this section are well-
known.
1.1. Teichmüller curve. Let T be Teichmüller space of a fixed surface of genus
g ≥ 2. Let pi : X → T be Teichmüller curve over Teichmüller space T , namely
the holomorphic family of Riemann surfaces over T , the fiber Xz := pi−1(z)
being exactly the Riemann surface given by the complex structure z ∈ T ; see
e.g. [1, Section 5]. Denote by
(z; v) = (z1, · · · , zm; v)
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the local holomorphic coordinates of X with pi(z, v) = z, where z = (z1, · · · zm)
denotes the local coordinates of T and v denotes the local coordinates of Rie-
mann surface Xz, m = 3g−3 = dimC T . Let KX/T denote the relative canonical
line bundle over X , i.e., KX/T |Xz = KXz . The fibers Xz are equipped with hy-
perbolic metric
√−1φvv¯dv ∧ dv¯
depending smoothly on the parameter z and having negative constant curvature
−1, namely,
∂v∂v¯ log φvv¯ = φvv¯ ,(1.1)
where φvv¯ := ∂v∂v¯φ. From (1.1), up to a scaling function on T a metric (weight)
φ on KX/T can be chosen such that
eφ = φvv¯ .(1.2)
For convenience, we denote
φα :=
∂φ
∂zα
, φβ¯ :=
∂φ
∂z¯β
, φv :=
∂φ
∂v
, φv¯ :=
∂φ
∂v¯
,
where 1 ≤ α, β ≤ m. With respect to the (1, 1)-form √−1∂∂¯φ, we have a
canonical horizontal-vertical decomposition of TX , TX = H⊕ V, where
H = Span
{
δ
δzα
=
∂
∂zα
+ avα
∂
∂v
, 1 ≤ α ≤ m
}
, V = Span
{
∂
∂v
}
,(1.3)
where
avα = −φαv¯φvv¯ ,(1.4)
and φvv¯ = (φvv¯)
−1. By duality, T ∗X = H∗ ⊕ V∗, where
H∗ = Span {dzα, 1 ≤ α ≤ m} , V∗ = Span {δv = dv − avαdzα} .(1.5)
Moreover, the differential operators
∂V =
∂
∂v
⊗ δv, ∂H = δ
δzα
⊗ dzα, ∂¯V = ∂
∂v¯
⊗ δv¯, ∂¯H = δ
δz¯α
⊗ dz¯α
are well-defined and satisfy
d = ∂ + ∂¯, ∂ = ∂H + ∂V , ∂¯ = ∂¯V + ∂¯H
when acting on smooth functions of X . The following two lemmas can be proved
by direct computations.
Lemma 1.1 ([7, Lemma 1.1]). The (1, 1)-form
√−1∂∂¯φ on X has the following
horizontal-vertical decomposition:
√−1∂∂¯φ = c(φ) +√−1φvv¯δv ∧ δv¯,
where c(φ) =
√−1c(φ)αβ¯dzα ∧ dz¯β , c(φ)αβ¯ = φαβ¯ − φvv¯φαv¯φvβ¯ .
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Lemma 1.2. For any smooth function f on X we have
∂∂¯f = (fαβ¯ + fαv¯a
v
β + fvβ¯a
v
α + fvv¯a
v
αa
v
β)dz
α ∧ dz¯β + fvv¯δv ∧ δv¯
+
δ
δzα
(
∂f
∂v¯
)
dzα ∧ δv¯ + δ
δz¯β
(
∂f
∂v
)
δv ∧ dz¯β .
Consider the following tensor
∂¯V
δ
δzα
= (∂v¯a
v
α)
∂
∂v
⊗ δv¯ ∈ A0(X ,End(V)).(1.6)
We denote its component and its dual with respect to the metric
√−1φvv¯δv∧δv¯
as
Avαv¯ = ∂v¯a
v
α = ∂v¯(−φvv¯φαv¯), Aαv¯v¯ = Avαv¯φvv¯ .(1.7)
Lemma 1.3 (i) below shows that its restriction to each fiber is a harmonic element
representing the Kodaira-Spencer class ρ( ∂∂zα ), where
ρ : TzT → H1(Xz, TXz )
is the Kodaira-Spencer map.
Lemma 1.3. [15, Proposition 2, 3] The following identities hold:
(i) ∂vAαv¯v¯ = 0;
(ii) (+ 1)c(φ)αβ¯ = A
v
αv¯A
v¯
β¯v
where  = −φvv¯∂v∂v¯.
Definition 1.4. The Weil-Petersson metric ωWP on Teichmüller space T is
defined by
ωWP =
√−1Gαβ¯dzα ∧ dz¯β, Gαβ¯(z) =
∫
Xz
Avαv¯A
v
βv¯
√−1φvv¯dv ∧ dv¯.(1.8)
By Lemma 1.3 (ii) and Stokes’ theorem, the Weil-Petersson metric can also
be expressed as
Gαβ¯(z) =
∫
Xz
c(φ)αβ¯
√−1φvv¯dv ∧ dv¯.(1.9)
1.2. Harmonic maps from Riemann surfaces to a Riemannian mani-
fold. Let
Φz = φvv¯(dv ⊗ dv¯ + dv¯ ⊗ dv)
denote the Riemannian metric on Xz associated to the fundamental (1, 1)-form
√−1φvv¯dv ∧ dv¯ =
√−1φvv¯(dv ⊗ dv¯ − dv¯ ⊗ dv).
Let TXz be the holomorphic tangent bundle of Xz and TCXz = TXz ⊕ TXz
the complex tangent bundle. For any smooth map u : (Xz,Φz) → (N, g) the
differential du is a section of the bundle T ∗
C
Xz⊗u∗TN . Let {xi}1≤i≤dimN denote
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a local coordinate system of N and v the local complex coordinate on Xz. Then
du ∈ A0(Xz, T ∗CXz ⊗ u∗TN) is locally expressed as
du =
∂ui
∂v
dv ⊗ ∂
∂xi
+
∂ui
∂v¯
dv¯ ⊗ ∂
∂xi
.
The energy density and the energy are defined by
|du|2 := (du, du) = 2gijuivujv¯φvv¯ ,
(1.10)
E(u) :=
1
2
‖du‖2 := 1
2
∫
Xz
|du|2dµΦz
=
∫
Xz
(giju
i
vu
j
v¯φ
vv¯)
√−1φvv¯dv ∧ dv¯
=
∫
Xz
giju
i
vu
j
v¯
√−1dv ∧ dv¯,
where uiv :=
∂ui
∂v and dµΦz =
√−1φvv¯dv ∧ dv¯ is the Riemannian volume form of
Φz. The harmonic equation is
(1.11) ∂v¯u
i
v + Γ
i
jku
j
vu
k
v¯ = 0;
see e.g. [28, (1.2.10)]. Here
Γkij =
1
2
gkl (∂jgil + ∂igjl − ∂lgij)
denotes the Christoffel symbols on (N, g).
Let {u(z)}z∈T be a smooth family of harmonic maps u(z) : (Xz,Φz)→ (N, g),
z ∈ T . We shall treat it as a smooth map u,
u : X → N, (z, v) 7→ u(z, v) := (u(z))(v).
Note that V∗ is a holomorphic line bundle over X with holomorphic frame {δv},
which is equipped with a Hermitian metric (φ−1vv¯ = e
−φ), thus there is a natural
induced connection ∇ on V∗ ⊗ u∗TN from the Chern connection of V∗ and the
Levi-Civita connection of TN , i.e. for X ∈ TCX,
∇X : A0(X ,V∗ ⊗ u∗TN)→ A1(X ,V∗ ⊗ u∗TN),
By conjugation, we obtain a connection ∇ on V∗ ⊗ u∗TN . More precisely for
any f = f ivδv ⊗ ∂∂xi + f iv¯δv¯ ⊗ ∂∂xi ∈ A0(X , (V∗ ⊕ V
∗
) ⊗ u∗TN) and any vector
X ∈ TCX
∇Xf = (∇Xf iv)δv ⊗
∂
∂xi
+ (∇Xf iv¯)δv¯ ⊗
∂
∂xi
,
where
∇Xf iv := X(f iv) + ΓiklfkvX(ul)− (∂φ)(X)f iv
and
∇Xf iv¯ := X(f iv¯) + Γiklfkv¯X(ul)− (∂¯φ)(X)f iv¯ .
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Denote ∇v := ∇ ∂
∂v
,∇v¯ := ∇ ∂
∂v¯
for notational convinience. In particular for
uivδv ⊗ ∂∂xi ∈ A0(X ,V∗ ⊗ u∗TN) we have
∇v¯(uivδv ⊗
∂
∂xi
) = (∇v¯uiv)δv ⊗
∂
∂xi
, ∇v¯uiv := ∂v¯uiv + Γijkujvukv¯ .
By (1.11), u is a harmonic map if and only if
∇v¯uiv = 0.(1.12)
2. Variations of energy on Teichmüller space
In this section we will calculate the first and the second variations of the
energy E(u(z)) for harmonic maps u(z) : Xz → N . Fix a smooth map u0 : Σ→
N from a surface Σ of genus g to N . We assume that u : X → N is a smooth
map such that u(z) : Xz → N is a harmonic map in the homotopy class [u0].
Then the following function
E(z) := E(u(z))
is smooth on Teichmüller space T .
2.1. The first variation. Consider a smooth map
u : X → N, (z, v) 7→ u(z, v).
Recall that
du = ∂u+ ∂¯u ∈ A1(X , u∗TN),
with
∂u := ∂ui ⊗ ∂
∂xi
= (uizdz + u
i
vdv)⊗
∂
∂xi
∈ A1,0(X , u∗TN)
the (1, 0)-component of du, and ∂¯u = ∂u the (0, 1)-component of du. Let
〈∂u ∧ ∂¯u〉 = gij(u(z, v))∂ui ∧ ∂¯uj ∈ A1,1(X )(2.1)
denote the two-form on X obtained by combining the wedge product in X
with the Riemannian metric 〈, 〉 on u∗TN . The corresponding the energy E(z)
function (1.10) can be written as
E(z) =
√−1
∫
X/T
〈∂u ∧ ∂¯u〉.(2.2)
Here we view
∫
X/T as ∫
X/T
: A2+k(X )→ Ak(T )
denotes the integral along fibers (see e.g. [15, Section 2.1]), and ∂, ∂¯-operators
commute with
∫
X/T .
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The variations of E(z) are
∂E(z) =
√−1
∫
X/T
∂〈∂u ∧ ∂¯u〉, ∂∂¯E(z) = √−1
∫
X/T
∂∂¯〈∂u ∧ ∂¯u〉.(2.3)
Note that ∂〈∂u ∧ ∂¯u〉 ∈ A3(X ), which can be decomposed in terms of the
frame ∧3{dzα, dz¯β , δv, δv¯}, we denote by [∂〈∂u ∧ ∂¯u〉](δv∧δv¯) the component of
∂〈∂u ∧ ∂¯u〉 containing δv ∧ δv¯. We shall need the following
Lemma 2.1. The δv ∧ δv¯-component is[
∂〈∂u ∧ ∂¯u〉](δv∧δv¯) = 〈∂V u ∧ ∇ δ
δzα
∂¯V u〉 ∧ dzα,
where
∂V u := uivδv ⊗
∂
∂xi
∈ A0(X ,V∗ ⊗ u∗TN) ⊂ A1,0(X , u∗TN)
and
∂¯V u := uiv¯δv¯ ⊗
∂
∂xi
∈ A0(X ,V∗ ⊗ u∗TN) ⊂ A0,1(X , u∗TN).
Proof. For any fixed point (z0, v0) ∈ X , we choose a normal coordinate system
{xi} around u(z0, v0) such that
gij(u(z0, v0)) = δij , (dgij)(u(z0, v0)) = 0.(2.4)
From (1.11), one has ∂v¯u
i
v(z0, v0) = 0. Lemma 1.2 implies that
(2.5) ∂∂¯ui = (uαβ¯ + uαv¯a
v
β + uvβ¯a
v
α)dz
α ∧ dz¯β
+
δ
δzα
uiv¯dz
α ∧ δv¯ + δ
δz¯β
uivδv ∧ dz¯β .
Thus at (z0, v0) ∈ X , one has[
∂〈∂u ∧ ∂¯u〉](δv∧δv¯) = [∂gij ∧ ∂ui ∧ ∂¯uj − gij∂ui ∧ ∂∂¯uj](δv∧δv¯)
=
[−∂ui ∧ ∂∂¯ui](δv∧δv¯)
=
[
−∂ui ∧ ( δ
δzα
uiv¯)dz
α ∧ δv¯
](δv∧δv¯)
= giju
i
v∇ δ
δz¯α
ujvδv ∧ δv¯ ∧ dzα
= 〈∂V u ∧∇ δ
δzα
∂¯V u〉 ∧ dzα.
Since both
[
∂〈∂u ∧ ∂¯u〉](δv∧δv¯) and 〈∂V u∧∇ δ
δzα
∂¯V u〉∧dzα are globally defined,
independent of the normal coordinate system {xi}, and the point (z0, v0) is
arbitrary, [
∂〈∂u ∧ ∂¯u〉](δv∧δv¯) = 〈∂V u ∧ ∇ δ
δzα
∂¯V u〉 ∧ dzα
on X . 
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Theorem 2.2. The first variation of energy is
∂E(z)
∂zα
=
∫
X/T
√−1〈∂V u ∧ ∇ δ
δzα
∂¯V u〉.
Proof. By (2.3) and Lemma 2.1,
∂E(z) =
∫
X/T
√−1∂〈∂u ∧ ∂¯u〉
=
∫
X/T
√−1 [∂〈∂u ∧ ∂¯u〉](δv∧δv¯)
=
(∫
X/T
√−1〈∂V u ∧∇ δ
δzα
∂¯V u〉
)
dzα,
which completes the proof. 
Now we will give another formula on the first variation of energy function.
Denote
Aα = A
v
αv¯u
j
vdv¯ ⊗
∂
∂xj
∈ A1(Xz, u∗TN), Avαv¯ = ∂v¯(−φαv¯φvv¯).(2.6)
Then
〈Aα, du〉 = 〈Avαv¯ujvdv¯ ⊗
∂
∂xj
, uivdv ⊗
∂
∂xi
+ uiv¯dv¯ ⊗
∂
∂xi
〉
=
∫
Xz
giju
i
vu
j
vA
v
αv¯
√−1dv ∧ dv¯.
Theorem 2.3. The first variation of energy function is
∂E(z)
∂zα
= −〈Aα, du〉.
Proof. From Theorem 2.2 we find
∂E(z)
∂zα
=
∫
X/T
√−1〈∂V u ∧ ∇ δ
δzα
∂¯V u〉
=
∫
Xz
giju
i
v∇ δ
δzα
ujv¯
√−1dv ∧ dv¯
=
∫
Xz
giju
i
v
(
∇v¯ δu
j
δzα
−Avαv¯ujv
)√−1dv ∧ dv¯
= −
∫
Xz
giju
i
vu
j
vA
v
αv¯
√−1dv ∧ dv¯
= −〈Aα, du〉,
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where the fourth equality follows from Stokes’ theorem and the harmonic equa-
tion (1.12), and the third equality holds by
(2.7)
∇ δ
δzα
ujv¯ =
δ
δzα
ujv¯ + Γ
j
klu
l
v¯
δuk
δzα
=
∂
∂v¯
(φαv¯φ
v¯v)ujv +
∂
∂v¯
(
δuj
δzα
)
+ Γjklu
l
v¯
δuk
δzα
= −Avαv¯ujv +∇v¯
δuj
δzα
.

2.2. The second variation. We first recall the definition of Hermitian sec-
tional curvature on a Riemannian manifold (N, g). Let ∇N be the Levi-Civita
connection of Riemannian manifold (N, g). Recall that the Riemann curvature
endomorphism R ∈ A2(N,End(TN)) is
R(X,Y )Z = ∇NX∇NY Z −∇NY ∇NXZ −∇N[X,Y ]Z.
Recall also the notation
R(X,Y,Z,W ) = −〈R(X,Y )Z,W 〉,
and
Rikjl := R
(
∂
∂xi
,
∂
∂xk
,
∂
∂xj
,
∂
∂xl
)
.
By a direct calculation, one has
Rikjl = −1
2
(
∂2gij
∂xk∂xl
+
∂2gkl
∂xi∂xj
− ∂
2gil
∂xk∂xj
− ∂
2gkj
∂xi∂xl
)
− gmn (ΓmijΓnkl − Γmil Γnkj) .
The sectional curvature is defined by
K(X ∧ Y ) = R(X,Y,X, Y )‖X‖2‖Y ‖2 − 〈X,Y 〉2 .
The Riemann curvature tensor R can be extended on the complexified tangent
bundle TN ⊗ C. We recall the following curvature condition of Siu [19] and
Sampson [17].
Definition 2.4 ([19, 17, 21]). For any X,Y ∈ TN ⊗C, the Hermitian sectional
curvature on the plane X ∧ Y is defined by
KC(X ∧ Y ) := R(X,Y,X, Y )‖X‖2‖Y ‖2 − |〈X,Y 〉|2 .
The Riemannian manifold (N, g) is said to have non-positive (resp. strictly
negative) Hermitian sectional curvature if
KC(X ∧ Y ) ≤ 0 (resp. < 0)
for any X,Y ∈ TN ⊗ C with X ∧ Y 6= 0.
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Recall the notation
[
∂∂¯〈∂u ∧ ∂¯u〉](δv∧δv¯), the part of ∂∂¯〈∂u∧ ∂¯u〉 containing
δv ∧ δv¯. Then
Lemma 2.5. It holds
[
∂∂¯〈∂u ∧ ∂¯u〉](δv∧δv¯) = −2R(∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)
δv ∧ δv¯ ∧ dzα ∧ dz¯β
+ 2〈∇ δ
δz¯β
∂V u ∧ ∇ δ
δzα
∂¯V u〉 ∧ dzα ∧ dz¯β ,
where
∂u
∂v
= uiv
∂
∂xi
,
δu
δzα
=
δui
δzα
∂
∂xi
,
∂u
∂v¯
= uiv¯
∂
∂xi
,
δu
δz¯β
=
δui
δz¯β
∂
∂xi
.
Proof. From (2.1), one has
∂∂¯〈∂u ∧ ∂¯u〉 = (∂∂¯gij ∧ ∂ui − ∂gij ∧ ∂∂¯ui) ∧ ∂¯uj
+ (∂¯gij ∧ ∂ui − gij∂∂¯ui) ∧ ∂∂¯uj .
By taking a normal coordinates system {xi} around u(z0, v0) for any fixed point
(z0, v0) ∈ X as in (2.4), we get that, at the point (z0, v0),
∂∂¯〈∂u ∧ ∂¯u〉 = ∂∂¯gij ∧ ∂ui ∧ ∂¯uj − (∂∂¯ui)2.
By (2.5) we have further[
∂∂¯〈∂u ∧ ∂¯u〉](δv∧δv¯)
=
[
∂∂¯gij ∧ ∂ui ∧ ∂¯uj − (∂∂¯ui)2
](δv∧δv¯)
=
[
(∂k∂lgij)∂u
k ∧ ∂¯ul ∧ ∂ui ∧ ∂¯uj − ( δ
δzα
uiv¯dz
α ∧ δv¯ + δ
δz¯β
uivδv ∧ dz¯β)2
](δv∧δv¯)
=
(
(∂k∂lgij)(
δuk
δzα
δul
δz¯β
uivu
j
v¯ −
δuk
δzα
δuj
δz¯β
uivu
l
v¯
− δu
i
δzα
δul
δz¯β
ukvu
j
v¯ +
δui
δzα
δuj
δz¯β
ukvu
l
v¯) + 2(
δ
δzα
uiv¯)(
δ
δz¯β
uiv)
)
dzα ∧ dz¯β ∧ δv ∧ δv¯
= 2
(
−Rikjl δu
k
δzα
δul
δz¯β
uivu
j
v¯ + gij∇ δ
δz¯β
ujv∇ δ
δz¯α
uiv
)
δv ∧ δv¯ ∧ dzα ∧ dz¯β
= −2R
(
∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)
δv ∧ δv¯ ∧ dzα ∧ dz¯β
+ 2〈∇ δ
δz¯β
∂V u ∧∇ δ
δzα
∂¯V u〉 ∧ dzα ∧ dz¯β ,
where the second equality follows from (2.5) and note that [∂∂¯ui](δv∧δv¯) = 0 at
the point (z0, v0), the fourth equality holds since
∇ δ
δz¯β
ujv =
δ
δz¯β
ujv + Γ
j
klu
k
v
δul
δz¯β
=
δ
δz¯β
ujv
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at the point (z0, v0) and
Rikjl = −1
2
(
∂2gij
∂xk∂xl
+
∂2gkl
∂xi∂xj
− ∂
2gil
∂xk∂xj
− ∂
2gkj
∂xi∂xl
)
at the point u(z0, v0). Since the point (z0, v0) is arbitrary, we complete the
proof. 
Theorem 2.6. The second variation of the energy is
∂2E(z)
∂zα∂z¯β
= 2
∫
X/T
−R
(
∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)√−1δv ∧ δv¯
+ 2
∫
X/T
〈∇ δ
δz¯β
∂V u ∧∇ δ
δzα
∂¯V u〉.
Proof. By (2.3) and Lemma 2.5 we have
∂∂¯E(z) =
√−1
∫
X/T
∂∂¯〈∂u ∧ ∂¯u〉
=
√−1
∫
X/T
[
∂∂¯〈∂u ∧ ∂¯u〉](δv∧δv¯)
= 2
∫
X/T
(
−R
(
∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)
δv ∧ δv¯ ∧ dzα ∧ dz¯β
+ 〈∇ δ
δz¯β
∂V u ∧ ∇ δ
δzα
∂¯V u〉 ∧ dzα ∧ dz¯β
)
= 2
∫
X/T
(
−R
(
∂u
∂v
,
δu
δzα
,
∂u
∂v¯
,
δu
δz¯β
)√−1δv ∧ δv¯
+〈∇ δ
δz¯β
∂V u ∧ ∇ δ
δzα
∂¯V u〉
)
· dzα ∧ dz¯β ,
which completes the proof. 
2.3. Plurisuperharmonicity. In this subsection, we will prove the strict plurisub-
harmonicity of logarithmic energy function logE(z) and plurisuperharmoncity
of reciprocal energy function E(z)−1.
Firstly, we will show the reciprocal energy function E(z)−1 is plurisuperhar-
monic.
Lemma 2.7. For any ξ = ξα ∂∂zα ∈ TzT it holds
∣∣∣∣ξα∂E(z)∂zα
∣∣∣∣
2
≤ E(z) ·
∫
X/T
〈∇ξ¯β δ
δz¯β
∂V u ∧ ∇ξα δ
δzα
∂¯V u〉.
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Proof. This follows directly from Theorem 2.2 and Cauchy-Schwarz inequality:∣∣∣∣ξα∂E(z)∂zα
∣∣∣∣
2
=
∣∣∣∣∣ξα
∫
X/T
√−1〈∂V u ∧ ∇ δ
δzα
∂¯V u〉
∣∣∣∣∣
2
=
∣∣∣∣
∫
Xz
giju
i
v∇ξ¯α δ
δz¯α
ujv
√−1dv ∧ dv¯
∣∣∣∣
2
≤
∫
Xz
giju
i
vu
j
v¯
√−1dv ∧ dv¯ ·
∫
Xz
gij∇ξ¯α δ
δz¯α
uiv∇ξ¯α δ
δz¯α
ujv
√−1dv ∧ dv¯
= E(z) ·
∫
X/T
〈∇ξ¯β δ
δz¯β
∂V u ∧ ∇ξα δ
δzα
∂¯V u〉.

Theorem 2.8. If (N, g) has non-positive Hermitian sectional curvature, then
the function E(z)−1 is plurisuperharmonic, i.e.
√−1∂∂¯E(z)−1 ≤ 0.
Proof. For any vector ξ = ξα ∂∂zα ∈ TzT ,
∂2E(z)−1
∂zα∂z¯β
ξαξ¯β = − 1
E2
(
∂2E(z)
∂zα∂z¯β
− 2
E
∂E(z)
∂zα
∂E(z)
∂z¯β
)
ξαξ¯β.(2.8)
The first term above can be treated using Theorem 2.6,
(2.9)
∂2E(z)
∂zα∂z¯β
ξαξ¯β = 2
∫
X/T
−R
(
∂u
∂v
, ξα
δu
δzα
,
∂u
∂v¯
, ξ¯β
δu
δz¯β
)√−1δv ∧ δv¯
+ 2
∫
X/T
〈∇ξ¯β δ
δz¯β
∂V u ∧∇ξα δ
δzα
∂¯V u〉
≥ 2
∫
X/T
〈∇ξ¯β δ
δz¯β
∂V u ∧ ∇ξα δ
δzα
∂¯V u〉
by the non-positivity of Hermitian sectional curvature. Furthermore Lemma 2.7
implies that
∂2E(z)
∂zα∂z¯β
ξαξ¯β ≥ 2
E
∣∣∣∣ξα∂E(z)∂zα
∣∣∣∣
2
=
2
E
∂E(z)
∂zα
∂E(z)
∂z¯β
ξαξ¯β.(2.10)
Substituting (2.10) into (2.8), one has
∂2E(z)−1
∂zα∂z¯β
ξαξ¯β ≤ 0.
Thus
√−1∂∂¯E(z)−1 = ∂
2E(z)−1
∂zα∂z¯β
√−1dzα ∧ dz¯β ≤ 0.

Next, using Theorem 2.8 we get the following (strict) plurisubharmonicity of
logarithmic energy logE(z).
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Theorem 2.9. If (N, g) has non-positive Hermitian sectional curvature, then
the logarithmic energy function logE(z) is plurisubharmonic on Teichmüller
space T , i.e. √−1∂∂¯ logE(z) ≥ 0.
Moreover, if (N, g) has strictly negative Hermitian sectional curvature and d(u(z))
is never zero on Xz, then logE(z) is strictly plurisubharmonic, i.e.
√−1∂∂¯ logE(z) > 0.
Proof. From Theorem 2.8, we get
(2.11)
√−1∂∂¯ logE(z) = −E(z)√−1∂∂¯E(z)−1
+ E(z)−2
√−1∂E(z) ∧ ∂¯E(z) ≥ 0,
which yields the plurisubharmonicity of logE(z). To prove the strict plurisub-
harmonicity we let ξ = ξα ∂∂zα ∈ TzT such that
∂2 logE(z)
∂zα∂z¯β
ξαξ¯β = 0.
Then, in view of (2.9-2.11),
R
(
∂u
∂v
, ξα
δu
δzα
,
∂u
∂v¯
, ξ¯β
δu
δz¯β
)
= 0, ∇ξα δ
δzα
∂¯V u = 0.
If (N, g) has strictly negative Hermitian sectional curvature, then
∂u
∂v
∧ ξα δu
δzα
= 0, ∇ξα δ
δzα
∂¯V u = 0.(2.12)
Since
d(u(z)) = uivdv ⊗
∂
∂xi
+ uivdv¯ ⊗
∂
∂xi
is never zero on Xz, so uiv is also never zero. From the first equation of (2.12),
there exists a vector filed W = W v ∂∂v ∈ A0(Xz, TXz) such that
ξα
δui
δzα
= W vuiv.
The second equation of (2.12) is
0 = ∇ξα δ
δzα
∂¯V u
= ξα
(
∇ δ
δzα
uiv¯
)
δv¯ ⊗ ∂
∂xi
= ξα
(
∇v¯ δu
i
δzα
−Avαv¯uiv
)
δv¯ ⊗ ∂
∂xi
=
(∇v¯W vuiv − ξαAvαv¯uiv) δv¯ ⊗ ∂∂xi
= (∂v¯W
v − ξαAvαv¯)uivδv¯ ⊗
∂
∂xi
,
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where the last equality follows from harmonic equation ∇v¯uiv = 0. Thus
ξαAvαv¯dv¯ ⊗
∂
∂v
= ∂¯W ∈ A0,1(Xz, TXz).
This implies that
ρ
(
ξα
∂
∂zα
)
=
[
ξαAvαv¯dv¯ ⊗
∂
∂v
]
= [∂¯W ] = 0 ∈ H1(Xz, TXz).
Since ρ : TzT → H1(Xz, TXz) is injective, so ξ = 0. This proves the strict
plurisubharmonicity. 
The following result was obtained by D. Toledo [21, Theorem 1, 3].
Corollary 2.10 ([21, Theorem 1, 3]). If (N, g) has non-positive Hermitian
sectional curvature, then the energy function E(z) is plurisubharmonic on Te-
ichmüller space T . Moreover, if (N, g) has strictly negative Hermitian sectional
curvature and d(u(z)) is never zero on Xz, then E(z) is strictly plurisubhar-
monic.
Proof. Note that
√−1∂∂¯E(z) = E(z)√−1∂∂¯ logE(z) + E(z)−1√−1∂E(z) ∧ ∂¯E(z)
≥ E(z)√−1∂∂¯ logE(z).
Our claim follows immediately from Theorem 2.9. 
We give another application of our results on the variation of the energy
function in the context of Hitchin representations. Let Γ = pi1(Σ) be the funda-
mental group of a closed surface Σ of genus g. Let G be a real semisimple Lie
group and consider the space of all reductive representations ρ : Γ→ G of Γ in
G modulo the conjugations by elements in G. It can be identified with subsets
in G2g−2 modulo the diagonal action of G. When G is a split real form of a
complex semisimple Lie group there is a distinguished component [10] called
a Hitchin component. Given any reductive representation ρ of Γ and given a
hyperbolic structure on Σ, i.e., given a point z in the Teichmüller space T ,
there is a ρ(Γ)-equivariant harmonic map u : H2 → G/K from the hyperbolic
plane H2 to the Riemannian symmetric space G/K, the map is unique up to
the action of G. In particular the energy function Eρ(z) = E(u) =
∫
Xz
|du|2 is
well-defined. When G is SL(n,R) it is conjectured by Labourie that for each
element ρ in the Hitchin component there is a unique minimizing point of Eρ(z)
in the Teichmüller space T . Recall [17] that the Riemannian symmetric space
has non-positive Hermitian curvature. We have thus
Corollary 2.11. Let ρ be a reductive representation of Γ in G. The energy
function Eρ(z) is plurisubharmonic on T .
It might be interesting to pursue the study of Labourie’s conjecture using our
variational formulas.
PLURISUPERHARMONICITY OF RECIPROCAL ENERGY FUNCTION 19
3. Energy functions and potentials of Weil-Petersson metric
We assume in this section that N is a complex manifold with a Hermitian
metric h. It turns out that in this case there is a close relation between the
second variation of the energy of u(z) : Xz → N and Weil-Petersson metric.
Let {si}1≤i≤dimCN be a local holomorphic coordinates system of N . The
Riemannian metric g = Re h is
g = gij¯(ds
i ⊗ ds¯j + ds¯j ⊗ dsi)
where
gij¯ = g
(
∂
∂si
,
∂
∂s¯j
)
.
The associated two form ω = −Im h is a two form so that h = g −√−1ω, and
gjk = gj¯k¯ = 0, gjk¯ = gk¯j , gj¯k = g¯jk¯.
For any smooth map u : (Xz,Φz)→ (N, g),
du = uivdv ⊗
∂
∂si
+ uiv¯dv¯ ⊗
∂
∂si
+ ujv¯dv ⊗
∂
∂s¯j
+ ujvdv¯ ⊗ ∂
∂s¯j
∈ A1(Xz, u∗TN).
Hence
|du|2 = φvv¯gij¯(uivujv + uiv¯ujv¯ + ujv¯uiv¯ + ujvuiv) = 2φvv¯gij¯(uivujv + uiv¯ujv¯).(3.1)
So the energy is given by
E(u) =
∫
Xz
1
2
|du|2√−1φvv¯dv ∧ dv¯ =
∫
Xz
gij¯(u
i
vu
j
v + u
i
v¯u
j
v¯)
√−1dv ∧ dv¯.(3.2)
Now we assume that u : X → N is a smooth map such that each u(z) : Xz → N
is a harmonic map, and u(z0) is a holomorphic map (it is obviously a harmonic
map by harmonic equation (1.11)). For notational convinience we write z0 = o.
Then E(z) = E(u(z)) is a smooth map on Teichmüller map T and from Theorem
2.3 we have
∂E(z)
∂zα
= −〈Aα, du〉
= −〈Avαv¯uivdv¯ ⊗
∂
∂si
+Avαv¯u
j
v¯dv¯ ⊗
∂
∂s¯j
, du〉
= −2
∫
Xz
gij¯u
i
vu
j
v¯A
v
αv¯
√−1dv ∧ dv¯.
Evaluating at o ∈ T and using u(o) is holomorphic we get
∂E(z)
∂zα
|z=o = 0.(3.3)
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The second variation of energy at the point o ∈ T is
(3.4)
∂2E(z)
∂zα∂z¯β
|o = −2
∫
Xo
gij¯u
i
v
∂
∂z¯β
ujv¯A
v
αv¯
√−1dv ∧ dv¯
= −2
∫
Xo
gij¯u
i
v∇ δ
δzβ
ujv¯A
v
αv¯
√−1dv ∧ dv¯
= −2
∫
Xo
gij¯u
i
v∇v¯
δuj
δzβ
−Avβv¯ujvAvαv¯
√−1dv ∧ dv¯
= 2
∫
Xo
gij¯u
i
vu
j
vA
v
αv¯A
v
βv¯
√−1dv ∧ dv¯
+ 2
∫
Xo
gij¯∇v(uiv)Avαv¯
δuj
δzβ
√−1dv ∧ dv¯,
where the first equality follows from the holomorphicity of u(o), the second
equality follows from harmonic equation (1.12) and the definition of horizontal
subbundle (1.3), the third equality holds by (2.7), and the last equality holds
by Stokes’ theorem and Lemma 1.3 (i),
∇vAvαv¯ = ∇v(Aαv¯v¯φv¯v) = ∂vAαv¯v¯φv¯v = 0.
Here
∇vuiv = ∂vuiv + Γiklukvulv − φvuiv.
Since u(o) : Xz → N is holomorphic,
d(u(o)) = uiv(o)dv ⊗
∂
∂xi
∈ A0(Xz, T ∗Xz ⊗ u(o)∗TN)
Let ∇ denote the natural connection on the bundle T ∗Xz ⊗ u(o)∗TN induced
from the Chern connection of (T ∗Xz, e−φ) and the pullback of Levi-Civita con-
nection (N, g). By conjugation, we also can get a connection on T ∗Xz⊗u(o)∗TN ,
we also denote it by ∇. Then
(3.5)
∇d(u(o)) =
(
∂vu
i
v(o) + Γ
i
klu
k
v(o)u
l
v(o)− φvuiv(o)
)
dv ⊗ dv ⊗ ∂
∂xi
= (∇vuiv)(o)dv ⊗ dv ⊗
∂
∂xi
.
Now we assume that u(z) : X0 → N is totally geodesic (see e.g. [28, Definition
1.2.1]), i.e.
∇d(u(0)) ≡ 0(3.6)
The equation (3.4) becomes
∂2E(z)
∂zα∂z¯β
|z=o = 2
∫
Xo
gij¯u
i
vu
j
vA
v
αv¯A
v
βv¯
√−1dv ∧ dv¯.(3.7)
By the harmonic equation ∇v¯uiv = 0 and the assumption ∇vuiv = 0 on Xo,
∇v(gij¯uivujvφvv¯) =
∂
∂v
(gij¯u
i
vu
j
vφ
vv¯) = gij¯(∇vuivujv + uiv∇v¯ujv)φvv¯ = 0.
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This implies that (gij¯u
i
vu
j
vφvv¯) is a constant on Xo and it equals
gij¯u
i
vu
j
vφ
vv¯(o) =
∫
Xo
(gij¯u
i
vu
j
vφvv¯)
√−1φvv¯dv ∧ dv¯∫
Xo
√−1φvv¯dv ∧ dv¯
=
E(o)
2pi(2g − 2) .(3.8)
Substituting (3.8) into (3.7), one has
(3.9)
∂2E(z)
∂zα∂z¯β
|z=o = E(o)
2pi(g − 1)
∫
Xo
Avαv¯A
v
βv¯
√−1φvv¯dv ∧ dv¯
=
E(o)
2pi(g − 1)Gαβ¯(o),
see (1.8) for the definition of Gαβ¯(z). By (3.3), the first variation of energy at
o vanishes, so the second variation of logE satisfies
√−1∂∂¯ logE(z)|z=o = 1
E0
√−1∂∂¯E(z)|z=o = 1
2pi(g − 1)ωWP .(3.10)
Namely we have
Theorem 3.1. If u(o) is holomorphic (resp. anti-holomorphic) and totally ge-
odesic on Xo, then
√−1∂∂¯ logE(z)|z=o = ωWP
2pi(g − 1) .
Specifying to the case when N is also a Riemann surface we obtain Fischer
and Tromba’s theorem; see [8] and [24, Corollary 5.8].
Corollary 3.2 ([8, Theorem 2.6]). If u(o) = Id : (Xo,Φo)→ (Xo,Φo) is identity,
then
√−1∂∂¯E(z)|z=o = 2ωWP .
Proof. In this case, u(o) is holomorphic, uiv(o) = δ
i
v and
Γijk = ∂v log φvv¯ = φv.
So
(∇vuiv)(o) = (∂vuiv + Γiklukvulv − φvuiv)(o) = 0
and
E(o) =
∫
Xo
√−1φvv¯dv ∧ dv¯ = 2pi(2g − 2).
So the identity (3.10) becomes
√−1∂∂¯E(z)|z=o = E0
√−1∂∂¯ logE(z)|z=o = 2ωWP
completing the proof. 
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We may also apply our result above, as in Section 3, to the energy function
related to a reductive representation ρ : Γ = pi1(Σ)→ G. Recall the defintion of
the energy function Eρ(z) for a general element z in the Teichmüller space in Sec-
tion 3. Now letG be a Hermitian semisimple Lie group with G/K a non-compact
Hermitian symmetric space. Let ρ : PSL(2,R) → G be a fixed representation
with the induced totally geodesic map H2 = PSL(2,R)/SO(2) → G/K being
holomorphic. Let Xo = H2/Γo be fixed Riemann surface with Γo a representa-
tion of Γ in PSL(2,R). The representation ρ then defines also a representation
of Γ, also denoted by ρ, i.e. ρ : Γ → Γ0 ⊂ PSL(2,R) ρ→ G. The (lifted)
ρ(Γ)-equivariant map u(z) for z = o is then holomorphic and totally geodesic
u(o) : H2 = PSL(2,R)/SO(2) → G/K. We can compute the second variation
of Eρ(z) at z = o.
Corollary 3.3. Let ρ be the reductive representation of pi1(X0) in G obtained
from a representation of PSL(2,R) in G with the totally geodesic map H2 →
G/K being holomorphic. Then the second variation of Eρ(z) at z = o is
√−1∂∂¯ logEρ(z)|z=o = ωWP
2pi(g − 1) .
4. The second variation of the energy of u(z) : M → Xz and
Weil-Petterson metric
As we explained in the introduction we may also consider harmonic maps
u(z) : (M,ωg) → Xz; see [11] and references therein. We assume further that
(M,ωg) is a compact Kähler manifold, i.e. ωg is a closed and positive (1, 1)-
form. Let {si}1≤i≤n denote local coordinates of M , n = dimCM . Locally, ωg
can be expressed as
ωg =
√−1gij¯dsi ∧ ds¯j
for some positive definite hermitian matrix (gij¯). The associated Riemannian
metric g is given by
g = gij¯(ds
i ⊗ ds¯j + ds¯j ⊗ dsi).
For any smooth map u(z) : (M,g) → (Xz,Φz), du is the section of bundle
T ∗M ⊗ u∗TCXz, for which there is an induced metric g∗ ⊗Φz from (Mn, g) and
(Xz,Φz). Let {v} denote the holomorphic coordinates of Riemann surface Xz.
In the same way as in (3.1), (3.2), one has
|du|2 = 2gj¯i(uvi uvj + uvj¯uvi¯ )φvv¯(4.1)
and the energy is given by
E(u) =
1
2
∫
M
|du|2dµg =
∫
M
gj¯i(uvi u
v
j + u
v
j¯u
v
i¯
)φvv¯dµg.
Here
dµg =
ωng
n!
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denotes Riemannian volume form determined by g. The harmonic equation is
gj¯i∇iuvj¯ = gj¯i(∂iuvj + φvuvi uvj¯ ) = 0,(4.2)
see e.g. [11, (1.20)]. We assume that u : M → X is a smooth map such that
u(z) : M → Xz is a harmonic map and we put E(z) := E(u(z)) the energy
function on Teichmüller space T . Similar to (2.6) we define (with some abuse
of notation)
Aα = Aαv¯v¯uvjφ
vv¯ds¯j ⊗ ∂
∂v
+Aαv¯v¯uvi¯ φ
vv¯dsi ⊗ ∂
∂v
∈ A1(M,u∗TXz);
Let ∆ = ∇∇∗+∇∗∇ be the Hodge-Laplace operator on Aℓ(M,u∗TXz) (see e.g.
[11, Subsection 1.2]), and set
L = ∆+ 1
2
|du|2, G = 2gj¯iφvv¯uvi uvj¯
∂
∂v
⊗ dv¯ ∈ Hom(u∗TXz, u∗TXz).
Theorem 4.1 ([11, Theorem 0.5, 0.6]). The first and the second variation of
the energy are given by
∂E(z)
∂zα
= 〈Aα, du〉 = 2
∫
M
Aαv¯v¯u
v
i u
v
j¯
gj¯idµg(4.3)
and
(4.4)
∂2E(z)
∂zα∂z¯β
=
1
2
∫
M
c(φ)αβ¯ |du|2dµg
+ 〈(Id−∇ (L − GL−1G)−1∇∗)Aα, Aβ〉.
Now we assume that at o ∈ T the map u(o) is holomorphic. It satisfies the
harmonic equation (4.2) automatically. By (4.3), one has
∂E(z)
∂zα
|z=o = 0.(4.5)
We recall [11, (1.22)] that
(4.6)
∇∗Aα =
(
−gj¯i∇i(Aαv¯v¯uvjφvv¯)− gj¯i∇j¯(Aαv¯v¯uvi¯ φvv¯)
) ∂
∂v
=
(
−gj¯iAαv¯v¯∇i¯uvj − gj¯iuvi ∂v(Aαv¯v¯)uvj − gj¯iAαv¯v¯∇juvi¯
)
φvv¯
∂
∂v
= 0,
where the second equality holds since uv
i¯
= 0, the third equality follows from
the harmonic equation (4.2) and Lemma 1.3 (i). Substituting (4.6) into (4.4)
we find
∂2E(z)
∂zα∂z¯β
|z=o = 1
2
∫
M
c(φ)αβ¯ |du|2dµg + 〈Aα, Aβ〉.(4.7)
Lemma 4.2. The following identity holds for any smooth real two form α on
Xo ∫
M
u∗α ∧ ωn−1g =
degωg(u
∗KXo)
2g − 2
∫
Xo
α,
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where
degωg (u
∗KXo) =
∫
M
u∗c1(KXo) ∧ ωn−1g .
Proof. Let ωo be the area form on Xo such that
∫
Xo
ωo = c1(KX0)[X0] = 2g − 2.
Then H2(Xo,R) = Rω0 and we need only to check the identity for ω0. We have∫
M
u∗ωo ∧ ωn−1 = (u∗[ωo][ω]n−1)[M ]
= (u∗c1(KXo)[ω]
n−1)[M ]
=
degωg(u
∗KXo)
2g − 2
∫
Xo
ω0.

By (4.1) and holomorphicity of u(o), the first term in the RHS of (4.7) is
(4.8)
1
2
∫
M
c(φ)αβ¯ |du|2dµg =
∫
M
c(φ)αβ¯(g
ij¯φvv¯u
v
i u
v
j )
ωng
n!
=
∫
M
u∗(c(φ)αβ¯
√−1φvv¯dv ∧ dv¯) ∧
ωn−1g
(n− 1)!
=
1
(n− 1)!
degωg(u
∗KXo)
2g − 2 Gαβ¯ ,
where the last equality follows from Lemma 4.2 and (1.9), the second equality
follows from holomorphicity of u(o) and the following elementary fact that
(4.9) nα ∧ ωn−1g = (trωgα)ωng ,
for any (1, 1)-form α =
√−1αij¯dsi∧ds¯j with trωgα := gij¯αij¯ , ωg =
√−1gij¯dsi∧
ds¯j.
Similarly, by (4.9) the second term in the RHS of (4.7) is
(4.10)
〈Aα, Aβ〉 =
∫
M
(Avαv¯A
v
βv¯u
v
ju
v
i g
ij¯φvv¯)
ωng
n!
=
∫
M
u∗(Avαv¯A
v
βv¯
√−1φvv¯dv ∧ dv¯) ∧
ωn−1g
(n− 1)!
=
1
(n− 1)!
degωg(u
∗KXo)
2g − 2 Gαβ¯ .
Substituting (4.8) and (4.10) into (4.7) we have
∂2E(z)
∂zα∂z¯β
|z=o = 1
(n− 1)!
degωg(u
∗KXo)
g − 1 Gαβ¯.(4.11)
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The energy for u(o) is now
(4.12)
E(o) =
∫
M
gj¯iuvi u
v
jφvv¯
ωng
n!
=
∫
M
u∗(
√−1φvv¯dv ∧ dv¯) ∧
ωn−1g
(n− 1)!
= 2pi
∫
M
u∗c1(KXo) ∧
ωn−1g
(n− 1)!
=
2pi
(n− 1)! degωg(u
∗KXo).
Therefore the second variation of logE(z) at z = o, in view of (4.5)-(4.11)-(4.12)
above, is
(4.13)
∂2 logE(z)
∂zα∂z¯β
|z=o =
(
1
E(z)
∂2E(z)
∂zα∂z¯β
− 1
E(z)2
∂E(z)
∂zα
∂E(z)
∂z¯β
)
|z=o
=
1
2pi(g − 1)Gαβ¯ .
Similarly, for anti-holomorphic map u(o), we also can get (4.13). Thus
Theorem 4.3. If u(o) is a holomorphic or anti-holomorphic map, then
√−1∂∂¯ logE(z)|z=o = ωWP
2pi(g − 1) .
As a corollary, we obtain
Corollary 4.4. If M is a Riemann surface, and u(o) is holomorphic or anti-
holomorphic, then
√−1∂∂¯E(z)|z=o = |deg u(o)| · 2ωWP ,
where degu(o) is the degree of u(o).
Proof. If M is a Riemann surface, from (4.11)
∂2E(z)
∂zα∂z¯β
|z=o = 1
(n− 1)!
|degωg(u∗KXo)|
g − 1 Gαβ¯
=
| ∫M u∗c1(KXo)|
g − 1 Gαβ¯
= |deg u(o)| · 2Gαβ¯ .
Thus
√−1∂∂¯E(z)|z=o = ∂
2E(z)
∂zα∂z¯β
|z=o
√−1dzα ∧ dz¯β = |deg u(o)| · 2ωWP .

Remark 4.5. In particular, if u(o) is the identity map, then
√−1∂∂¯E(z)|z=o = 2ωWP ,
which was proved by M. Wolf [24, Theorem 5.7].
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